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MMOBYJOBA IICEBJOOBEPHEHOI MATPHIII
TA [ BACTOCYBAHHS

ITocTaHoBKa Ta OOIPYHTYBAHHS AKTYaJbHOCTI podJeMu. J[o cydyacHux
BUITYCKHHKIB TPEJ IBJISIIOTHCS BHCOKI BHUMOTH IIOJI0 3MICTY 3HaHb, IO
BHU3HAYAa€ KOHKPETHY CHPOMOXKHICTh (paxiBIs HA CydacHOMY PHHKY mpaul. [Tpu
BHUBYEHI MAaTeMAaTUKH PO3IJIAIAIOTHCS 3a/adi, JJIs PO3B’SI3aHHA SKUX MOTPIOHO
TBOpYE 3aCTOCYBaHHS IMX 3HaHb. [IpoOiemu TOOYAOBH KOHCTPYKTHUBHHUX
METOJIB JIHIAHMX KpaWoBHX 3ajlad s I[IHPOKOr0 KJIacy CHUCTEM
nudepeHIiaJbHUX PIBHSIHB: CUCTEMHU 3BHYAWHUX JU(PEPEHIIabHUX PIBHIHB
TPAAUIIMHO 3aiMalOTh OJIHE 3 LEHTPAJIbHUX 1 MPUHIUMIIOBO BAXJIMBUX MICIb B
AKICHIA Teopli AudepeHianbHuX piBHAHb. Lle oOymoBieHO mepmr 3a Bce
BOKJIMBICTIO TMPAKTUYHOTO 3aCTOCYBAHHS TeOpii KpaloBHX 3aqad B CaMUX
pI3HOMaHITHHX Taly3sX 3HaHb: TeOpil HENiHIMHWX KoymBaHb [1], Teopil
CTIHKOCTI pyXy, Teopli ympaBlliHHS, B PSAIl PaglOTEXHIYHUX, MEXaHIYHUX 1
Oiomoriunux 3amady. OCoOIMBOCTI TaKOTO POJY KpallOoBHX 3amad B TOM, IO B
OMBIIOCTI BUMAJKIB iX JIIHIfHA 4YacTHHA € OINepaTopoM, SKUM He Mae
o0epHEHOro, IO HE J03BOJISIE OE3MOCePEeIHbO 3aCTOCOBYBATU TPATUIIINHI
METOJU JOCIIJPKEHHSI KpalloBUX 3ajiay, OCHOBaHI Ha BUKOPUCTAHHI MPUHIUIIA
HepyxoMmoi Touku. HeoOepHeHICTh JIIHINHOI YacTUHU omneparopa € HacliJKOM
TOT0, IO YMCJIO M KpalloOBUX YMOB HE CIIBMIaJAa€ 3 MOPSAKOM N omnepaTopHOi
cuctemu. Takoro Tumy 3agadi Jjsg cUCTeM JU(epeHUIATbHUX PIBHSAHb €

HETEPOBUMHM 1 BKIIIOYAIOTh B ce0e HAWOUIBIN CKIaAHI 1 Mallo JOCHIIKEHI SK
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HEJIOBU3HAYEHI TaK 1 MEpPEeBU3HAUYCHI, SIK HEKPUTUYHI TaK 1 KPUTUYHI KpanoBi
3aja4i.

AHaJi3 ocTaHHIX JAocaixxkeHsb i myoJikaniii. Came ToMy OUIBIIICTD POOIT,
IPUCBSYEHI BUBUCHIO TAKHUX 3a]1a4, BUKOHAH1 B MPUMYIICHI iX (PpeAroibMoOBOCTI
(E. A. I'pedennikos, [I. K. Jlika, FO. A. Ps6os, I. I'. Mankin [2], A. M.
Camotinenko, H. A. Iepectiok, H.I. Ponto [1]). B po6otax [3,4] moOynoBana
3arajibHa Teopis KpaloBUX 3ajad, MpHUBEACHa Kiacu@ikaiisi HEKPUTHYHUX 1
KPUTHYHHUX BUIMAJKIB, OTpUMaHi e¢deKTUBHI KoedillieHTHI YMOBHU ICHYBaHHS 1
ITepaIlioHHl aJrOpuTMH MOOYJIOBH PO3B'SA3KIB IUX 3aja4d. barato pe3ynbTaTiB
BUKJIQJIEHI B MOHOTrpadii, crioyaTky Oyiau oTpuMaHi 1 arpoOipoBaH1 MPU aHaji31
KpalloBUX 3ajady JUIsl  CHCTEM 3BHUYAalHUX Ju(EepeHIlaIbHUX piBHAHb. B
NOJAJBIIOMY III CXE€MHU 1 aJITOPUTMH OyJM 3alpONOHOBAHI JJIsi JOCHIIKEHHS
OUIbII 3arajJibHUX OO0'€KTIB: KpawWoBUX 3ajad JUisl 3BUYAMHUX CHCTEM 3
30CEpEKEHUM 3alli3HEHHSM, JJI1 CUCTEM 3 IMITYJIbCHOIO JI€10, JJI1 HE BCIOJIU
JI03BOJIEHUX ONEPATOPHUX PIBHSIHL B (DYHKIIOHAIBHUX MPOCTOpAax, JHIMHA
YaCTHHA SIKUX — HOPMaJIbHO J03BOJIEHUM OmepaTop.

Mera crarri. Bkazatu nuiixu 1moOyqoBM - y3arajibHEHO-OOEpHEHOI
MaTpHIll Ta ICEBAO OOEPHEHOI MATpuUlll, MNPOAEMOHCTPYBAaTH 3aCTOCYBAHHS
MCEeBI000EPHEHOT MATPHIll 10 PO3B’SA3yBaHHS JIHIMHUX alreOpaiyHUX PIBHSHD
Ta 70 NpoOJEMHU PO3B’I3yBAHOCTI CUCTEM JIHINHUX NU(EepEeHLIaTbHUX PIBHSIHD 3

JIBOTOYKOBOW KPaliOBOW YMOBOW B KPUTUUHOMY BUMAIKY.

MeroxoM JocCiigikeHHsl € amnapar ICeBAOOOEpHEHUX MaTpulpb 1
OPTOIPOCKTOPIB 3 BIIOOPAKEHHSIM Ha SIIPO.
BukJiiag ocHOBHOro marepiaJy.

Osnauenns. Omeparop L€ £(H;,H,) Ha3uBaeTbcs y3arajbHEHO-
obOepHeHMM, sKIno icHye omeparop X € £(H,,H,) rtakwii, mo LXL = L.
Oneparop X Ha3MBa€TbCs y3arajlbHEHO-OOEpHEHUM 10 omepatopa L i

nmo3HavaeTbea L.



I3 y3aranbHEeHO-OOEpHEHUX OIepaTopiB BUOMPAIOTh €JMHUNA OIepaTop,

SKHAM 33JI0BOJIBHSIE YMOBHU:

1.LLL=1;

2.L°LL" =1L";

3. (LL7)* = LL~;

4. (L°L)* = L"L. (1)

Oznauennsi. Omneparop L~, sikuii 3a10BOJbHAE€ yMOBU (1) Ha3uBaeThCs
TICEBIOOOCPHEHUM OIIEPaTOpOM 1 Mmo3HavaeThes L.

Sk Bimomo, misa Oyab-sKOi HEocoOauBOiI KBaApaTHoi Marpuii Q icHye
envHa obepHeHa matpuil. . Skmo matpunsg Q mpsaMokyTHa abo ocoOinBa, TO
oOepHEeHOi MaTpuIll B TaKOMY PO3YMiHHI JiyIsi Hei He icHye. [IpoTe mparHeHHs
"oO0epHyTH" 1 Taky Mmatuiro Q mpu3Beno 10 MOOYAOBHM PI3HUX y3araabHEHO-
00epHEHUX MATPULIb.

O3HaueHHa Y3arajabHEHO-OOCPHEHOIO MATPUIICIO ISl JOBUIHHOI MaTpHII
Q HasuBaTUMEMO MATpHIl0 (@F, sdKka 3aJ0BOJILHAE MATPUYHE PIBHSIHHS:
Qe Q@ =0Q.

Osnauenns. Matpuig ( THa3UBa€THCS MICEBIO0OCPHEHOIO MATPHUIICIO 10
Matpuili () , SKII0 BOHA 3aJI0BOJIBHSIE TaKl KPUTEPIi:

1) Q7QQ* =@~

2)QQTQ =Q;

3) (RQ™)" =QQT,;

4) (@7Q)y =Q*Q.

[Tpukman. 3HalTH y3araJbHEHO-00CPHEHY MATPHITIO

1 2 -1
A=12 4 3
3 6 2



Po3B’s3anns. Jlerko nepekonatucs, 1o rank A =2. IloctaBuMo y BepXHiii
JTIBUH KYyTOK MaTpuIli A, BU3HAYHHK 2-TO OPsAKY (Ta sk rank A =2) BinMiHHUIA

B1J1 HyJ1s. IS ITbOTO TTOMIHSIEMO MicusiMU 1-i1 1 3-i cTroBmUMK Matpuiil A.

-1 2 1
A,=(3 4 2|
2 6 3

|A11|:|_31 121_|=—4—6=—10,A111:—i(_43 :i)’

Martpuiii nepectanoBok P i Q:

1 0 0 01
P=(0 1 0[,Q=/0 1 0
0 1 1 00
[Tobynyemo X, = Al_ll 0
“lo o)
— -0
X].: i i {]1
10 10
0 0 0

3anmumeMo y3aranbHeH0-00epHeHy Matpuisg A' o MaTpuii A :

A" =QX,P
2 1 0 0 0
00 1n/—- - O\s1 0 o0 2 1
AT=10 1 0){ 2 2 5[0 1 0]=| 10 10
1 0 0/\ 1 10 0 0 1 _z 1
0 0 0 s 5 0

[Tpuknan. 3HalTH y3arajibHEHO-00EpHEHY MATPHIIIO



1 2 3
A={-1 4 5|
2 1 1

Po3p’si3aHHsA. Y3aragbHeHO-OOEpHEHa MaTpullsl 3HAXOJUTHCA 3a (POPMYIIOLO:

A* = QX,P.
3 2 1
x‘q1= 5 4 _1 y
1 1 2

3 2
Azl = [ 4|_12—1o_2,

5 _q 25 —31 0
_E E 1X1= 5 5 U,
22 0 0 0
0 0 1 2_ -1 0N/ 0 o D_ 0 0O
A+=({]10) > 2 0(010)=2 o0
2 2 2 2
1 00/\o o0 o/ 01 2 -1 0

Po3B’si3yBanHsa. CkopucrtaemMocss (GopMysior0 3HAXOJKEHHsI TCEBIO00OEPHEHOI
MaTpHII:

Q*=(QTQ+P,) Q.

Panr matpuii Q piBHMIL 2, TOMY



1 01 L0 2 1
QT:(; (1) 3 QTQ:(O 1 1) o1 :(1 2)'
1 1
3Haiinemo matpuo (QQ + Po, )t

2 1
=5 A=

wIinN

2 1
Tol= _ 1+l
Q Q\—‘l 2‘—3, 8, = (1)
2 2
Ay = (—1)2+2§ =3

T 4 12 -
omxke (Q Q+PQr) _5(—1 2].

- (2 -1y1 0 1) 12 -11
+_(0ToO+P.) ‘0oT==> _1 .
0r=(Q7e+F,) 0 3(—1 2}(0 1 1} 3(—1 2 1)
[Mpuknan. Po3p’s3atu niHiHY crcTeMy aireOpaidHux piBHsSHB (c = b,

1 0 0
AKIO Q = (D 1), b= (D) C= (:) c € R?,

1 1 1

Po3B’si3anHsa. 3 momepeaHBOro MpHUKIaaa, BIIOMO, IO ICEBA0OOSpHEHA

L 12 -11
Q _3(—1 2 1)

3Haiinemo opronpoekropu: Py i Pge:

martpumio @ mMae Burs

1 0 0 . 2 -1 1 . 1 1 -1
={0 1 0 -3 -1 2 1 =3 1 1 -1
0 0 1 1 1 2 -1 -1 1



PQ* — CKIIAJa€Thes 3 0AHOro Bekropa (M-rankQ=3-2=1).
d

X1

1 01 Xq + X3

Q@ 0 1 1 X, + Xg
X3

X1 ==Xz, Xy ==Xz, Xy =1, X, =1, X3 =—1.

0
OTtxe PQ* =(11-1). A Tak, sK PQ*b:(l,l,—l) 0|=-1#0, 1O piBHAHHA
d d
1

Qc=Db yeposs’ssme.

Ipuknan. Po3s’s3atu miHifiHy cuctemy anrebOpaiunux piBHsHE QcC = b,

0
1 0 .
akmo Q=10 1] b=|1 ,c=(cl),cER2.
11 1 :

2 -11
Po3p’sizannsa. QF =1( ) Py, =0 PQ; =(11-1).

3-1 2 1)
0
[lepeBiprMo yMOBY PQ;b:(l,l,—l) 1|=0.
1

TakuM unHOM JlaHa cucTeMa Mae po3B’s30K. Ockiapku rank) =n; =n = 2, o

CHUCTEMA MA€ €UHUN PO3B’A30K BUTJISTY:
c=Q"b+c,

e ¢ — Oynp-skuii Bexktop i3 N(Q), c= Po,C= c=0.

| 0) (0
Orke €c=0Q b-3(3}-£1}



[Tpuxnan. Po3riasHeMo 1BOBUMIpHY AuQepeHIliaTbHy CUCTEMY
z=¢@(t),tela;bl,e(t) eclt],n =2,
MIMOPSAIKOBaHY JIBOTOYKOBIN KpaOBii yMOBI
lz=M,z(a) + M,z(b) = «,

ne M;(i = 1,2) — npsamokyTHi MmaTpuui posmiprocti (1x 2),

M, =(m;,0),M, =(0,m,),(m; e R*,m. #0,i =1,2),r —ckamsp, o € R*(m=1).

Tomi X(t)=1,Q=IX =(m;,m,), Q" =Q" =(m1} Py =0.
m,

B 3B’s13Ky 3 THM, 0 rankQ =n; =m=1<n=2, MaeMo KPUTUYHUI BUIIAJIOK

Q" =(QQ+Py) Q" :%(ml}

mZ +m5

3rigHo [4, cT 175], po3risayBaHa KpaiioBa 3aja4a, pu OYIb-SIKUX

@ (1)
@, (1)

cimMelicTBO po3B’si3kiB (F =N—n; =N—m=1) Buny

o(t) =(

Je C[a,b] i moBinbHUX @ € R, (PQ* =0) Mae ogHOIapaMeTPUIHE

m,

tc,)=| b K(t,7) — X ()Q*IK d 1 [M
ZO(’Cl)_( m, j01+£( (t,7) = X()QIK(,7))p(r) 7+m£m2j&-



BuchoBok. B po6oTi HaBeleHI NpUKIAAiB MOOYJAOBH y3arajibHEHO —
oOepHEHOT  MaTpwuIl, MCEBJOOOCPHEHOI  MAaTUIll Ta  3acCTOCYBaHHS
MICEBJI000EPHEHOT MATHII IO PO3B’A3yBaHHS JIIHIMHUX anreOpaiuHux piBHSIHb Ta
70 MpoOJIEeMHU PO3B’A3yBAHOCTI CUCTEM JIIHIMHUX AudepeHIiaIbHUX PIBHSIHD 3

JBOTOYKOBOW KpPaliOBOW YMOBOW B KPUTUYHOMY BHUIIAJIKY .
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KJIIOYHHUK _ Inna E-eHHaIli'l'BHa. IHOBYJIOBA
INCEBAOOBEPHEHOI MATPUIII TA 11 3BACTOCYBAHHSI.

Anomauia. JIs1 KBaapaTHOI HEOCOOJMBOI MaTpHIli A, iCHye oOepHEHa MaTpuilsd AL
Sxmo x Matpunsd A — mpAMOKYTHa a0o detd = 0, TO CUMBOJ A~' Hemae ceHcy. OnHak,
BUSBIISIETHCS, 1110 IS TIOBUTBHOI MaTpHIll A iCHYe TICEBIOOOEpHEHA MaTpHIld A*, IO BOJIOJIIE

JIeSIKUMH BJIACTUBOCTSAMHU OOEpHEHOT MaTpHULl 1 Ma€ BaXKJIMBE 3aCTOCYBAHHS y HMPHUKIATHUX
3amad. BusHaueHHs miceBno-oOepHEHOi Marpuii Oyllo 3amporoHOBaHE Ha MOYaTKy XX
cronitts MatremMatukoM Exapaom Mypowm. 3romom, HezanexHo Bi E.Mypa, B memo iHmin
dopMi, TiceBIOOOCpHEHA MATPHWISI BHU3HAYWIACH 1  JIOCHIDKYBaJlach  aHTIIIHCHKUM
mareMaTukoM Pomxepom IleHpoy3om Ta iHmMMHU aBTOpamu. B 3ampomnoHoBaHiii poOOTI
TIICeBI000EPHEHA MATHUIIS 3aCTOCOBAHA JI0 PO3B’SI3yBaHHS JIIHIHHUX anreOpaiuHuX piBHAHB Ta
710 Ipo0JIeMH PO3B’A3YBAaHOCTI CUCTEM JIHIMHUX TU(epeHITiaTbHIX PIBHSIHb.

Knrouoei cnoea: yzaraibHeHO — 00€pHEHA MaTpPHULISL, [ICEBJO00EpHEHA MATPULIS.

K/IIFOUYHUK Unna I'ennaaguesua. IOCTPOEHHUE
INCEBJIOOBPATHbBIX MATPHUII U UX ITPUMEHEUNE

Anomayun. JIns kBajpaTHOW HEOCOOEHHON MaTpuilbl A cyllecTByeT oOpaTHast
maTpuua. Eciu xke Matpuna A - npsiMoyrosibHasi WiH detA = 0 TO CHMBOJI HE UMEET CMBbICIIA.

OpHako, OKa3bIBAaETCs, YTO JJSI MPOU3BOJILHOW MaTpUllbl A CyIIECTBYeT IceBJooOpaTHas
MaTpula, obOyajaroniasi HEKOTOPBIMM CBOMCTBaMHM OOpaTHOW MaTpullbl U HMMEET Ba)KHOE
OpUMEHEHHEe B NPUKIAAHBIX 3adayax. OmnpezaereHue NCeBI0OOpaTHON MaTpullbl ObLIO
IpeiokeHo B Havajne XX Beka MarematukoMm Opasapaom Mypom. Bnocnencrsuu,
He3aBucuMo oT E.Mypa, B Heckonbko HHOH ¢(opme, mnceBmooOpaTHas MaTpuiia Oblia
OIpeiesieHa U UCCIe0BaHa aHITIMUCKUM MareMatukoMm Pojpkxepom IleHpoy3oMm u npyrumu
aBTopamMu. B mpeanmaraemoii pabote mnceBgooOpaTHas MaTHIIA HPUMEHEHAa K DELICHUIO
JUHEMHBIX aJreOpanvyeckux YpaBHEHMM M K  CHUCTeMe JMHEWHbIX IuddepeHraibHbIX
YpaBHEHUM.

Knrwoueswvie cnosa: 06001eHHO — 00paTHas MaTpULIa, IceBJ000paTHas MaTpHLa

KLIUCHNYK Inna. CONSTRUCTION OF PSEUDOREVERSE
MATRIX AND ITS IMPLEMENTATION



Abstract.

In this time the theory of ordinary differential equalizations shows a rich, widely
ramified theory. One of basic tasks of this theory there is existence at differential
equalizations of such decisions, which satisfy to the additional conditions, unity of decision,
and its firmness. A theory must help an engineer and physicist to find the methods of
economy and rapid calculation of decision. Differential equalizations are basis of
mathematical design of different processes that take place in the living and lifeless wild, for
this reason they are widely used in theoretical researches of different processes. It is difficult
to estimate the importance of matrices in mathematics. They were the issue of research in
many advanced studies, their research get plenty of time and presently. Due to matrices it is
possible to decide the sufficient amount of differentiated tasks. With their help the graphic
arts of functions and equalizations are investigated as on a plane so in space, decide the
systems of linear equalizations with n unknown and many other. In our time to the matrix
found the new use in the computer technologies that with every year all anymore develops
improving and facilitating life to us.

For a square non-singular matrix A, there is an inverse matrix A-*. If matrix A -

rectangular or detA = 0, then symbol a-*there is not sense. However, it appears that for an

arbitrary matrix A there is a pseudoreverse matrix, that owns some properties of inverse
matrix and has important application at the applied tasks. Determination of pseudoreverse
matrix offered at the beginning of XX century by a mathematician Edward Moore.
Afterwards, regardless of E.Moore, in an a few another form, a pseudoreverse matrix was
determined and investigated by English mathematician Roger Penrose and other authors.

The general theory of regional tasks, classification over of uncritical and critical cases, ,
the effective coefficient terms of existence and iteration algorithms of construction of
decisions of these tasks are brought in works of A. A. Boychuk. Many results are expounded
in a monograph, were first got and investigated at the analysis of regional tasks for the
systems of ordinary differential equalizations. In future these charts and algorithms offered for
research of more general objects: regional tasks for the ordinary systems with the
concentrated delay, for the systems with an impulsive action, for the not everywhere settled
statement equalizations in functional spaces, linear part of that is the normally settled
operator.

Examples of construction of generalized-reverse and pseudoreverse matrices are
presented in this article. The decision of the linear system of algebra is searched with a
rectangular matrix. And also an example of application of pseudoreverse matrix is made at the
decision of the two-dimensional differential system from a point by a regional condition.

Key words: generalized-reverse matrix, pseudoreverse matrix



